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Abstract 

Radial probability distributions of diatomic molecules in excited rotational-vibrational states are derived using the Bohr- 
Sommerfeld quantization rule and the Hamilton-Jacoby theory. The obtained semiclassical distributions for the rotating Morse 

and Tietz-Hua oscillators are compared, in a broad range of rotational and vibrational quantum numbers, with one another and 
with quantum-mechanical distributions obtained from numerical solution of the Schriidinger equation using an RKR potential. 
0 1998 Elsevier Science B.V. 
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1. Introduction 

The radial probability P(R)dR that the atoms in a 
diatomic molecule are separated by a distance 
between R and R + dR plays a crucial role in the 

modeling of molecular rotational-vibrational 
dynamics, especially in trajectory calculations [1] of 
the atom-molecule and molecule-molecule interac- 
tions, where the distance between the atoms in the 
molecule is one of the variables specifying the initial 
state of the collision system. The probability can be 
found either from the rotational-vibrational wave- 
functions obtained from the solution of the molecular 
SchrGdinger equation or, in the case of molecules 

* Present address: Department of Aerospace Engineering, Univer- 

sity of Southern California, Los Angeles, CA 90089-l 191, USA. 

excited to moderate and high vibrational-rotational 

states, from the semiclassical approach based on the 
Bohr-Sommerfeld quantization rule and the 
Hamilton-Jacoby theory [2]. In this work we derive, 

using the semiclassical quantization, analytical 
expressions for the radial probability distributions of 
diatomic molecules excited to moderate and high rota- 
tional-vibrational states. The reliability of the derived 
distributions depends on the accuracy of the dynamic 
models assumed for the molecules under considera- 
tion. The models used in the present work are: the 
rotating Morse oscillator [2] and the rotating Tietz- 
Hua oscillator [3] (Ref. [3] is called hereafter Paper I). 
The accuracies of the studied models are tested 
against some quantum-mechanical distributions 
obtained from a numerical solution of the radial 
Schrbdinger equation (using the Numerov-Cooley 
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procedure [4]), for an RKR (Rydberg-Klein-Rees) 
potential of the N&Y’ C,‘) molecule [5]. 

2. Internuclear potentials of diatomic molecules 

We assume that diatomic molecules can be treated 
as rotating anharmonic oscillators streched by the 

molecular centrifugal force. The internuclear poten- 
tial of the rotationally unexcited molecules is then 
assumed to be either the Morse potential (see discus- 

sion in Paper I), 

D’,(R)=D[l /-R,‘12 (1) 

or the Tietz-Hua potential, 

Urn(R)=D [ ll$“L’:] 2 (2) 

where 

b/l =P(l -c/J (3) 

and D is the well-depth of the potential; R, is the 
molecular bond length; R is the internuclear distance; 
0 is the Morse constant; and ch is an optimization 
parameter obtained from ab initio or RKR intramole- 
cular potentials (see Paper I). 

The rotational (centrifugal) part of the molecular 
internuclear potential is taken as: 

UJ(@ = & 
where p is the reduced mass and L is the angular 
momentum of the rotating molecule, 

L2&[J(J+1)-AZ] (5) 

and A is the quantum number for the axial component 
of the molecular electronic angular momentum. 

The effective internuclear potential of the diatomic 
molecules under consideration is taken as: 

P,,(R)= UJ(R)+UV(R) (6) 

where U,(R) is given, depending on the assumed 
oscillator model, by either UM(R) or UTH(R). 

The vibrational spectroscopic constants of the 
Morse oscillator are: 

r n 1112 

and 

fib2 
w,x, = - 

4?rC/.L 

(7) 

(8) 

where h is the Planck’s constant; c is the speed of 
light; and w, and w~~ are in cm-‘, while the rest of 
the quantities are in units of the CGS system. Thus, 

the Morse constant /3 obtained from Eq. (7) will differ 
from that resulting from Eq. (8) if the spectroscopic 
constants w,, o,x, and D are taken as ‘the best 

available in literature’. The latter constants are not 

consistent with the constants obtained from the 
model of the Morse oscillator because ‘the best avail- 
able’ constants are obtained from measurements and 
ab initio calculations. 

In the present work, we calculate fl from Eq. (7) 
since the constants w, and D are usually more accurate 

than the constants 0~~. The anharmonicity constants 
WJ~ (see Table 1) are obtained from measurements 
and first principle calculations and they differ from the 

constants predicted by Eq. (8) using p obtained from 

Eq. (7). 

3. Molecular energies and linear momenta 

3.1. The rotating Morse oscillator 

The energy expression obtained by Porter et al. [2] 
for the rotating Morse oscillator is: 

E,,,J =D+h2AJ(J+ 1) 

Oh(v+ l/2) 2D-h2BJ(J+ 1) 2 _ 
(2/p - 2[D-h2CJ(J+ 1)]‘12 1 

4s2;2;,6DLJCJ + U12 

_ 3[ I- 1 lW,N,i 
$.d&’ 

wp J(J+l) (9) 

where 

wp = 2p(D/2~)“~ (10) 

2 
B=- 

PCLPRZ 

(11) 

(12) 
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The molecular spectroscopic constants used in the present calculations for N&Y’ Ei) molecule: o,, the vibrational constant, in cm-‘; w,x,, the 

anharmonicity constant, in cm-‘; R,, the molecular bond length, in angstroms; c, the reduced mass, in grams; q; and D, the well depth of the 
intramolecular potential, in cm-‘. In the text, D was used in CGS units. 

Molecule w, 

NO%) 2358.6 

WAX, 

14.32 

& 

1.097 

p (10-*3) 

1.1710 

ch D 

- 0.032325 79885 

and 

1 c=- 
2p.PR: 

(13) 

The radial linear momentum of the rotating Morse 
oscillator is [2]: 

PR = k (2#‘(ap + bpt + cpt2)“* 

where 

ap =&,J- -D-AL* 

(14) 

(15) 

b,=2D-BL* (16) 

cp= -D+CL2 

and 

+-BU-&) 

(17) 

(18) 

3.2. The rotating Tietz-Hua oscillator 

Porter et al. [2] derived, using the Hamilton- 
Jacoby theory and the Bohr-Sommerfeld quan- 
tization rule, the time-dependence of the radial 
internuclear distance of the rotating Morse oscillator. 
We use this approach here to study the dynamics of 
the rotating Tietz-Hua oscillator. 

The Hamiltonian of the rotating Tietz-Hua oscilla- 
tor with angular momentum L is (see Paper I): 

where pk = p(dR/dt) is the linear momentum of the 
oscillator radial motion. 

The equilibrium internuclear distance R, of a dia- 
tomic molecule in the Jth rotational state can be 
obtained from the obvious relationship: 

d Vef(R> _ o 
-_ 

dR (20) 

(21) 

After introducing a new variable, 

b;L* 
c,=- 

&D 

the derivative Eq. (20) becomes: 

(22) 

d VedR> 1 -e-“‘@ 
-= 

dR (1 - che-y*tie)3 
(1 _c,)_eY.e-.+ZO 

Y* 

where 

(23) 

y, = bh R, and ye = bh R, (24) 

Eq. (23) can be solved through asymptotic analysis in 
terms of the small parameter ch. The resulting solution 
is: 

y,=ye+B&~+DhC: (25) 

where 

3 2 B; 
~ and D,,= TB,-3--+ 

3Bhch( 1 -c/J 

Y, 
3 

Y, 

(26) 

In order to use the semiclassical quantization, we 
introduce a new variable, t!(R) = exp[ - bh(R - 

R,)], and use the following series expansion of l/ 
(b,,R)’ about &? = 1: 

(27) 

Substituting the expansion Eq. (27) into Eq. (19) and 
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solving the equation for pk at constant value of the 

rotational-vibrational energy Ezy = H gives: 

) 
2 l/2 

] 
where 

t”d* =e- MR. -R,) 

3 

b/,B,(b/,B, - 3) I 
bh B, cm 

and 

(28) 

(29) 

(30) 

(31) 

(32) 

Equation pk = 0 can be rewritten as the following 
fourth-order polynomial: 

f,(tl)=%(&4 +btt,(E1)3 +~rt,([?)~ +d,,[? ferh =0 

(33) 

with 

art, = &&)2Cr”L2 (34) 

bth = B,,L2c;(E:,J2 +2Ch.$CTHL2 (35) 

Cth = ~;(tt*)~(E;: - ATHL2) + 2BTHL2& + CT,L2 

- (&)*D = 2&L2Ch& + CT&= - ([t*)2D 

(36) 

dth =2&D - BTHL2 - kh,$(E;~ - ATHL2) 

=2&D - BTHL2 

and 

eth =E;Sy -AruL2 -D 

(37) 

(38) 

where the simplification of the coefficients c,h and d,,, 
resulted from the fact thatch is a small parameter. The 
approximations performed in Eqs. (36) and (37) limit 
the validity, for low values of the vibrational and 

rotational quantum numbers, of the energy expres- 
sions obtained in Paper I. However, even for mole- 
cules with relatively high values of lchl (Ichl I O.l), 

the energies obtained within this approximation 

behave quite well for moderate and high vibrational 
and rotational quantum numbers. 

Expandingf,(& in power series about tt = 1 and 
retaining only the terms which are linear or quadratic 
in [t leads to: 

./Xl) =~;(El)=cP&1)2 +42t1: +43 

where 

(39) 

$,=6~,+3b,h+c,h, 42=-8ath-3bth+dth 

4’3 = %h + bth + eth (40) 

Thus, the linear momentum of the radial motion of the 
Tietz-Hua oscillator used for deriving the energy 
expressions can be given as: 

(41) 

where u = c&t*. 
After some algebra (see Paper I for details), we 

obtain the following expressions for the rotational- 
vibrational energies of diatomic molecules treated as a 

rotating Tictz-Hua oscillator: 

E;y’($2)=D+L2BJB”J - (F,x, --FL>,J)2 (42) 

where the function Fv,J is 

F,‘. J = 
ki - 21-42 

-%lX+kz 
bi 

and k2 =2dm (43) 

and 

E ;“J” = D + L2BJB’; -(Fox, -F”, - Ftr12L2 - F”‘3L4)2 

(44) 

where 

F,,. J = 
ki - 2~152 

-+FK+k2 

-_ F”, + Far2L2 + F3L4 (45) 

and the functions BJ, B”J, F,,, F”, , F”rz and F”; (none 

of them depend on 4 ,, qi2 or C$ 3) are given in Paper I. 
A way to improve the energy expressions obtained 

in Paper I, in order to extend their range of applic- 
ability to high values of khl, consists of redefining, 
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once Eqs. (42) and (44) are obtained, the term 42 

appearing in F+ This is performed in such a form 
that the term 2u(Ez - A &‘), in dth, is not neglected 
but substituted for 2u(Ezy -AruL2). In this way, the 
modified energy ET [with +I2 as in Eq. (40) but 

using the modified dth] can be used to evaluate the 
energies of levels with moderate and high vibrational 

and rotational quantum numbers of molecules with 
high 1~~1 (1~~1 5 0.5). This procedure will be used in 
Sections 4 and 5 to obtain accurate radial probability 

distributions and turning points associated with the 
rotating Tietz-Hua oscillator. 

4. The radial probability distributions 

4.1. The rotating Morse oscillator 

The radial distribution of the rotating Morse oscil- 
lator was given by Porter et al. as [2] 

P(R)= z(-2app)li21p&’ (46) 

where PR is given in Eq. (14). 

4.2. The rotating Tietz-Hua oscillator 

In this section, we derive analytic expressions for 
the radial orbit Rth(t) and the radial probability distri- 
bution Pm(R) of the rotating Tietz-Hua oscillator. 

The derivation can be performed in a way similar to 
that leading to the corresponding function for the 
rotating Morse oscillator. 

We assume in what follows, in order to obtain ana- 
lytical and accurate values of the distribution P,dR) 
and the corresponding turning points (,$I,, &), that 

the term 2u(E$ - ,4rnL2) in Eq. (37) is not zero 

and that it can be replaced by 2u(EEHf’ - A&‘), and 
that the term ET: in Eq. (38) can be replaced by EyJ’. 

The resulting new expressions for d[h and eth and, 
consequently, for 42 and 43, are: 

dt,,’ = 2.$,0 - BTHL2 - ~u(E,~ TH” - ATHL2) (47) 

e,h’ = ET”J’ - A,HL2 - D (48) 

and 

+‘2 = - 8a,h - 3b,,, + dfth (49) 

+‘j = 3a,h + bth + e’th (50) 

Taking into account Eq. (45) of the present paper and 

relationships (34) and (64) of Paper I (but using 4’3 
instead of +3), one obtains in the case of the Tietz- 
Hua oscillator: 

(51) 

and 

where 

(52) 

(55) 

Using Eq. (42) of the present paper and relationship 
(64) of Paper I (but replacing +3 and C#J~ by 4’3 and 
(pf2, respectively) one obtains another expression for 

Pm(R): 

x (Nvb, - v’%&,.d = O'Nv (56) 

and 

x (Nvbh - d’%&,,)) (57) 

[Eq. (57) is slightly more accurate than Eq. (52) where 
we assumed that 4’2 does not depend on N, (the 
assumption introduces an inaccuracy smaller than 

about 1 %)] . 
The linear momentum of the radial motion of the 

oscillator used to evaluate Pith(R) and P’dR) is: 
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Integration of the distribution Eq. (52) between the 

oscillator turning points gives: 

f 

R> 

R< 
P’,,(R)dR = of@,,, ,) 

h 

x(l-u&?J&) 

where 

(59) 

with 

b-&h 
w”=m (61) 

and 

= &&(ch,v) (62) 

where 

n,c,,,,,=[l-ch-2W.,ch(v+~)(l-~)] (63) 

The cumulative radial distribution of the rotating 
Tietz-Hua oscillator can be written as 

J( 1 1 
-u ~$‘~/4, ?+ ;arcsin 

(64) 

Owing to the complexity of Eq. (64), it is impossible 

to derive (through an inversion) an exact analytical 
expression for Rth, However, an approximate expres- 
sion for the orbit can be obtained in the following 

way. Out of the three terms in the square brackets in 
Eq. (64) the last (the third) term is significantly smal- 
ler than the first two terms. Therefore, we replace R in 

[: in the third term by R, (the replacement introduces 
inaccuracy smaller than 1%). Following this, .$t in the 
third term becomes .$‘t’ = exp[ - bh (R, - R,)] and, 

subsequently: 

&,=R* - i ln{(-2&s)[@2 - d= 

x cos(?rp)] - ’ } (65) 

where we assumed that Cl, = 1, and that ~161 = 0 
(ulA/ < 0.05 for molecules with lchl 5 0.15) because 

A=dm 1 i [ 2+ =arcsin( ;=)I 

(66) 

The value of a,, for diatomic molecules with lchl I 

0.15, changes from 0.95 to 1.05 when v changes from 
small values of v to vmax therefore assuming in Eq. 

(65) that 0, = 1 is well justified for lchl 5 0.15. 

5. Numerical results and conclusions 

We calculated and compared the semiclassical 
radial probability distributions [Eqs. (46) and (57)] 
for all homo- and heteronuclear diatomic molecules 
and molecular ions discussed in Paper I. Only the 
distributions for the Nz(X’Cl) molecule are shown 
here (in Figs. l-4) because these distributions are 
typical for most of diatomics. In order to show the 
agreement of the semiclassical radial distributions 
with reality, we have included in Figs. l-4 the radial 
distributions obtained from solution of the radial 
Schrodinger equation [4] for the RKR potential of 
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l- 

o 
0.8 1 1.2 1.4 1.6 

R(A) R(& 
Fig. 1, Comparison of the quantum radial distribution (the oscillat- Fig. 3. Comparison of the quantum radial distribution obtained from 
ing curve obtained from numerical solution of the Schriidinger numerical solution of the Schrodinger equation with the semiclas- 

equation using an RKR potential) with the semiclassical distribu- sical distributions of the rotating Morse oscillator [Eq. (46). dashed 

tions of the rotating Morse oscillator [Eq. (46) dashed line], and the line], and the rotating Tietz-Hua oscillator [Eq. (57), solid line]. 
rotating Tietz-Hua oscillator [Eq. (57). solid line]. The curves 

shown are for the N2(X ‘Ci ) molecule with v = 15 and J = 0. 

The curves are for the Nl(X’Cgi) molecule with v = 25 and 

J= 0. 

the Nz(X’Ci) molecule (the RKR potentials for the The radial distribution Eq. (46) for the rotationless 
molecule in low and moderate vibrational states are N2(X’Ci) molecule with moderate and high rota- 
given in Ref. [5]). Figs. l-5 are an illustration of the tional-vibrational energies is close to the radial dis- 
degree of the agreement of the present theoretical tribution of the rotationless Tietz-Hua oscillator, 
results with their ‘experimental’ values since the except in the vicinity of the turning points (Fig. 5). 
RKR potential used in our calculations was obtained In addition, both semiclassical distributions differ 
from measured quantities. substantially (Figs. 1-4) from the corresponding 

0 
0.9 1.2 1.5 1.0 

R(A) 

Fig. 2. Comparison of the quantum radial distribution obtained from Fig. 4. Comparison of the quantum radial distribution obtained from 
numerical solution of the Schriidinger equation with the semiclas- numerical solution of the Schrodinger equation with the semiclas- 
sical distributions of the rotating Morse oscillator [Eq. (46) dashed sical distributions of the rotating Morse oscillator [Eq. (46). dashed 
line], and the rotating Tietz-Hua oscillator [Eq. (57) solid line]. 

The curves are for the N 2(X ‘Ci ) molecule with v = 15 and J = 150. 

line], and the rotating Tietz-Hua oscillator [Eq. (57) solid line]. 

The curves are for the N2(X’Cl) molecule with v = 25 and J= 150. 

a- 

7- 

6- 

0 
0.8 1 1.2 1.4 1.6 1.8 

J 

0.8 1.2 1.6 2 

R(A) 
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I 
0.6 1 1.2 1.4 1.6 1.6 

R(A) 

Fig. 5. The ratios P(R):?,,(R) [the distributions P(R) and P’,h(R) 

are given in Eqs. (46) and (57), respectively] for the Nz(X’C;) 

molecule when: (a) v = 15, J = 0 (dotted line); (b) ~8 = 15, J = 150 

(dashed and dotted line); (c) v = 25, J = 0 (dashed line) and (d) 1’ = 

25, J = 150 (solid line). 

quantum-mechanical distributions at the turning 
points (note that the location of the outer turning 
point is different from the location of the outermost 
maximum of the quantum distribution). 

The effect of increase of rotational excitation of the 
N2(X ‘Cg’ ) molecule on accuracy of the semiclassical 
distributions considered here can be seen from com- 
parison of Fig. 1 with Fig. 2, and Fig. 3 with Fig. 4. 
Similarly, the effect of increase of molecular vibra- 
tional excitation on the accuracy can be seen from 
comparison of Fig. 1 with Fig. 3 and Fig. 2 with 
Fig. 4. It is obvious from the comparisons (summa- 
rized in Fig. 5) that increase of rotational excitation of 
the molecule substantially worsens the accuracy of the 
semiclassical distributions at the turning points. The 
same can be said about the impact of vibrational 
excitation of the molecule on the accuracy of the 
distributions. 

Summarizing the above, one can say that the radial 
distribution Eq. (57) of the rotating Tietz-Hua 

oscillator is a more accurate represention of dynamics 
of diatomic molecules with moderate and high 
rotational-vibrational energies than the distribution 

2 

Eq. (46) of the rotating Morse oscillator. This is espe- 

cially true in the vicinity of the molecular turning 
points where molecular atoms spend most of their 

time. The accuracy of the distribution Eq. (57) wor- 
sens with increasing molecular rotational-vibrational 
excitation, and the distribution differs substantially 

from the quantum-mechanical distribution at the 
outer turning point. 

The approach of this work can be applied to calcu- 
late radial distributions of diatomic molecules and 
their ions in the excited electronic states if the intra- 

molecular potentials for these states can be approxi- 
mated by the effective potentials of the rotating Morse 

oscillator or the rotating Tietz-Hua oscillator. 
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