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The stability of the general analytical solutions of a collisional-radiative model, for nonequilibrium, 
partially ionized, steady-state argon plasma, is examined. The model includes three atomic energy 
levels: the ground level, one excited level, and the continuum. A Maxwellian electron distribution 
function is also assumed. This model was previously considered by Braun and Kunc [Phys. Fluids 
30, 67 1 (1987)]. All the rates for collisional-radiative processes and diffusion losses are expressed 
as analytical functions. The model is solved for the electron and excited atom densities in two 
plasma regimes, with and without diffusion losses. Transitions between these two possibilities are 
also discussed. 0 1995 American Institute of Physics. 

I. INTRODUCTION 

In this work a nonlinear Three-Level Atomic Model 
(TLAM) was used for a nonequilibrium, stationary argon 
plasma to analyze the stability properties of its solutions and 
the physical consequences derived from such an analysis. 
This model has already been applied to atomic hydrogen’*2 
and argon,” since their electronic energy structure is espe- 
cially suited for such an analysis. Collisional-radiative pro- 
cesses and the escape of radiation are taken into account, as 
shown in Ref. 3. A new term is introduced into the model, 
describing the diffusion losses of charged particles. 

Work conditions were the typical ones of a nonequilib- 
rium argon plasma at atmospheric pressure: electron tem- 
perature r, ranging from 7000 to 11000 K and a gas tem- 
perature Tg= 1500 K. Plasma behavior was studied, under 
homogeneous (H) and nonhomogeneous (NH) conditions 
(i.e., with and without diffusion losses, respectively), show- 
ing that when ambipolar diffusion is neglected, the TLAM 
has only one possible solution with physical meaning. The 
plasma behavior drastically changes when considering diffu- 
sion, since then two possible physical states are accessible to 
the plasma. It is also interesting to note that under NH con- 
ditions the TLAM presents two quite different kinds of be- 
havior: For a given T,, the electron and first excited state 
population densities can grow or decrease upon increasing 
T, , depending on the solution branch adopted. Under space- 
independent perturbations (e”‘), one (NHl) of the NH 
branches becomes unstable while the other one (NH2) re- 
mains stable; between the two branches, a bifurcation point 
is found. The homogeneous solution grows continuously 
with increasing T, and is stable under space-independent 
perturbations. 

Finally, homogeneous plasma situations become un- 
stable under space-dependent perturbations of a critical 
wavelength h,. . In an intrinsic way, h, depends on the vari- 
ous reaction rate coefficients proposed (collisional and radia- 
tive processes), the stationary electron density, and on the 
ambipolar diffusion coefficient. 

Under some conditions related to A,, the plasma can go 
from an unstable homogeneous state to a stable nonhomoge- 

neous one; therefore, the existence of symmetry breaking 
mechanisms connected with the kinetics of the plasma is 
deduced. 

In Sec. II, the TLAM and the solutions for the cases 
considered are discussed. A study of the stability/instability 
conditions and their physical consequences for the TLAM 
solutions are presented in Sec. III. The main conclusions are 
presented in Sec. IV. 

II. THREE-LEVEL ATOMIC MODEL (TLAM) 

The TLAM used includes some of the principal aspects 
related to the argon energy structure. Also, it is one of the 
few models that can be solved analytically. The model con- 
sists of three levels: a ground level, one excited level, and the 
continuum denoted by s, p, and c, respectively. Figure 1 
shows the three levels considered and the processes between 
them. 

Assuming a spatially nonhomogeneous plasma, the 
changes in the population densities of levels s, pI and c (the 
electron production rate) are given by the rate equations: 

84 -==nrnpKps+n;r3K,.,F+npA~~~nSA:~-rr,n.~ 
dt 
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d*, dt=n’n,~K,,,fn~K,,+n,ZA~~-nn, P 
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conserving the total number of particles, n, , 

n, =n,+nyfn, )j (4) 
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FIG. 1. Collisional-radiative transitions and their rate coefficients used in 
the rate equations (l)-(3) are denoted by K and A, respectively. 

where n, is the electron density, n, and nP are the popula- 
tions of levels s and p, respectively. The collisional rate K, , 
electron-impact processes, and radiative A$, spontaneous 
emission (s-p) and radiative recombination (c-p,s) pro- 
cesses, are given by 

where Alit is the energy threshold and, 4ij(E) and ~,JE) are 
the corresponding collisional and radiative cross sections 
taken from Ref. 3. Symbol A,, is the Einstein coefficient for 
spontaneous emission. For all calculations a Maxwellian 
electron energy distribution function has been assumed. 
Symbols APs and A, denote the optical escape factors, 
which are numbers between 0, in optically thick plasmas for 
the spectral Iine produced in the transition studied, and 1, in 
optically thin plasmas for the line. Symbol hCj has been 
assumed to be one, and in order to calculate a correct value 
of lips > Doppler and collisional effects’ are simultaneously 
present and contribute to the broadening of the s-p spectral 
fine. Thus APs ti low3 is obtained when p = 1 atm. The ambi- 
polar diffusion coefficient has the form,’ 
D,=3.8*10Fs(T,+ T,)T,lp (cm’/s), where Tg is the gas 
temperature, which is supposed to have a constant value of 
1500 K and T, is the electron temperature taken as an exter- 
nal parameter of the model. Using (4), one equation can be 
eliminated from the system (l)-(3), leaving the general 
equations, 

an, d’n, 
t=en~+~‘~~-gn,-hn,n,-in,+j+D, 7, (61 

3% 2 

t==--an:-bnf+cn,+dn,n,--D, 2. (7) 

To obtain the spatially homogeneous and nonhomogeneous 
solutions, different coefficients are introduced: 
a=K,,fK,,, b=AeftA’ftK 
i = A$, 

CP 
h = KsP + KP:r+ K,7, , 

a;; 7 fd_=$-j!yKKPC ’ f;; ;;;; 

cases, H and NH. For the homogeneodss ca&’ c, g, and 
D,( d2n,ldr”) are given by c 1 = naKpc , g 1 = A$- naKps , 
and D,( d2n,ldv2) =O, and 
g,=Ai<- D,lh2-naK 

c2=naKPC- D,lh2, 
Ps, and D,( d2n,ldr’) = D,n,lh’ for 

the nonhomogeneous solution, where h-a/2.405 is the char- 
acteristic length of the first diffusion mode in a cylindrical 
tube of radius r=a. 

Assuming steady state conditions, the set of Eqs. (l)-(4) 
can be reduced to a third-order algebraic equation such as: 
AH.NHnz t BHvNHnz t CH,NHn, t DHTm=O, which can be 
solved for the homogeneous (H) and nonhomogeneous (NH) 
cases. Expressions for nP and n,y as a function of the calcu- 
lated electron density, n, , can then be obtained. 

From an analysis of the coefficients AHzNH, BHyNH, 
c H,NH, and DHTm, which depend on the collisional-radiative 
and diffusion processes considered, different physical solu- 
tions, real and positive roots with n,<n,, are found. For 
given values of T, and Tg, it can be seen that AHTNH and 
BH*NH are always (0. For the NH case, we have DNH<O and 
CNH>O, so two possible physical states are accessible; how- 
ever, when diffusion (H case) is neglected, DH>O and 
CH>O, leaving only one physical solution. 

An interesting point is that the two possible nonhomo- 
geneous solutions exist at a precise electron temperature in- 
terval (9000<T,<10150). Out of this regime, the coefficient 
DNH becomes larger than 0 and the delicate balance between 
collisional-radiative reaction rate coefficients (Kij ,Aij) and 
diffusion is broken. Figures 2 and 3 show the n, and nP 
solutions for the H and NH situations. 

III. STABILITY AND INSTABILITY SITUATIONS 

The goal of this section is the study of stability condi- 
tions of the H and NH solutions under linear space- 
independent perturbations. When the system (6)-(7) in 
steady-state conditions is solved, the stationary electron den- 
sity, nil, is obtained from a third-order algebraic equation and 
the stationary ground level density, nf, is given through the 
relation 

en~3+fn~2-gn~+j 
no= s hntfi ’ 

where g is equal to A$-n,KP, and A$-n,K,,-D,lR2, 
for the H and NH solutions, respectively. We next carry out a 
linear perturbations analysis of the stationary state in the 
form of n,=nzt Cm,ewt and nc=n~tGn,ewf with 
&z,isn,GO. After linearizing the system (6)-(7) in terms of 
Sn, and anin,, the secular equation w”+YwtZ=O is ob- 
tained, where the quantities Y and Z are 
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FIG. 2. Electron density as a function of the electron temperature. TE de- 
notes thermodynamic equilibrium, H, homogeneous solution, NH1 and NH2 
nonhomogeneous solutions. 

Z=3n~3(ha-de)+2n~2(bh-df )+3ainf2 

+ni(dg--ch)+2binz-ic-idn’;, 

where one has to keep in mind that nf =f(n!), so that Y and 
Z always depend on T, , nz. When diffusion effects are con- 
sidered, Y and Z also depend on Tg . 

In general, when solving the secular equation in the cor- 
responding T, interval, the stationary solutions nz, nz, and 
nz are stable only if Y and Z are simultaneously greater than 
zero, since we have 

(a) Y>O and Z>Y2/4--+wt,z~C and Re(w,,,)<O, 

(b) Y>O and O=CZ<Y2/4-+~1,2~R and M’~,~<O, 

On the other hand, it is enough to find Y<O, whatever 
the value of Z, to conclude that the stationary solutions be- 
come unstable. Therefore, we see that the homogeneous so- 
lution is stable; however, the nonhomogeneous one presents 
quite a distinct situation. The NH branch nearest equilibrium 
is stable, while those NH solutions with nz<10’5 cm-’ are 
unstable. The connecting point between both NH branches is 
a bifurcation point and, when working at atmospheric pres- 
sure and Tg = 1500 K, it appears at a critical electron tem- 
perature Ts=9000 K. Therefore, we deduce that, according 
to the TLAM and under the conditions of our study, a spa- 
tially nonuniform argon plasma with nz< lOI cmm3 can no 
longer exist as a stable situation, 
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FIG. 3. Excited state density as a function of the electron temperature. TE, 
H, NHI, and NH2, as in Fig. 2. 

Now our interest turns to studying the stability condi- 
tions of relatively far from equilibrium homogeneous solu- 
tions under linear space-dependent perturbations such as 
n,=nt-t &jsewtfik’ and n,=n~+ Sfzeewt+ik’ with 
Gn,Sn,C<O, where k=2nfX is the wave number of the per- 
turbation. Going back to the general equations (6)-(7) and 
linearizing them with respect to Sn,? and an,, a secular equa- 
tion is obtained with the new coefficients: 

Y=3an~2+nf(2b+h)+i-dn~-ct-D,k2, 

Z=3n~3(ah-de)fn~2(2bh+3ai-2 fd)+ni(2bi 

fg,d-clh)+D,k2(dn:-hnz-i)-cli-din:, 

where B,” and rzf are the homogeneous stationary solutions. 
Again, if Y >O and Z>O simultaneously, stability is obtained. 

The objective now is to find an instability condition re- 
lated to the wavelength, X, of the perturbation. We find that, 
in general, for any value of Z, the system will be unstable if 
Y<O, thus 

D,k2>3an~2+nf(2b+h)+i-dnf-c,. 

An instability condition related to X is then given by 

h2< 
4rr2D, 

3an~2+a~(2b+h)-i-dn~-cl f 

Thus a spatially homogeneous plasma becomes unstable un- 
der spatially dependent perturbations of wavelengths shorter 
than a critical value X, . It is now interesting to point out that 
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h, depends intrinsically on the different collisional and ra- 
diative processes, on the steady electron density, and on the 
diffusion coefficient. If the instability criterion is applied to 
different situations, we have for instance that, for p =760 T, 
Ts=1500 K, and a=0.15 cm: 

T,=7500 K-+X,=2.49.10-’ cm, 

T,= 10500 K-&=1.47. 10y3 cm, 

which means that X, decreases with growing electron tem- 
perature T, . 

IV. CONCLUSIONS 

In conclusion, our analysis shows that diffusion mecha- 
nisms play an important role in plasma behavior since, when 
they are considered, two physical states connected by a bi- 
furcation point become accessible to the plasma, one of them 
being unstable under space-independent perturbations. It is 
also shown that, depending on the relative importance be- 
tween collisional-radiative processes and diffusion losses, 
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some instabilities may arise in the plasma. It is then possible 
for the plasma to evolve from a spatially homogeneous state 
to a stable spatially nonhomogeneous one, in which the elec- 
tron and first excited state densities are up to one order of 
magnitude greater than their previous H values. The critical 
perturbation wavelength depends intrinsically on the 
collisional-radiative and diffusion processes considered. 
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