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Abstract. A new formulation is presented for the calculation of effective 
dielectric magnitudes of two-component composites in which both components 
(the host matrix particles and the embedded particles) exhibit nonlinear 
behaviour of the Kerr type. I t  is predicted that, under certain conditions, two 
nonlinear component composites can exhibit optical bistable behaviour as a 
function of the shape and concentration of the embedded particles, the 
dielectric contants of the components, the intensity of the external electric field 
(power density) and the intrinsic third-order nonlinear optical susceptibilities 
xf) and x:) of the nonlinear components. It is also deduced that, as the power 
density increases, the effective third-order nonlinear optical susce tibility ( x ( ~ ) )  

density) to xi) (high power density). Therefore, it is shown that the optical 
response of binary composites dramatically changes at moderate and high 
power densities. A comparison is performed between the optical response of a 
real two nonlinear component composite and that of a composite with a single 
nonlinear component. 

of the composite exhibits a clear transition from values close to x;) P (low power 

1. Introduction 
Existing theories for the evaluation of the effective optical properties of 

composite materials were first devoted to the analysis of linear media (see [l] for 
details) and were recently extended to the study of materials with one nonlinear 
component [2-71 under very restrictive conditions, that is, very low concentration of 
the nonlinear component [2,3], with nonlinear contributions being treated as purely 
real and as small perturbations (low field approximation) to the assumed leading 
linear behaviour [4,5]. Due to these limitations, in the case of relatively high 
concentration of the nonlinear components, the above-mentioned approximations 
are generally unable to predict (and control) the appearance of effects such as the 
optical bistability associated with the nonlinear optical response of composite 
materials [2-111. In this regard, a recent work has presented calculations on the 
nonlinear optical response of composite materials with one nonlinear component 
valid for the entire range of concentrations and for values of the applied 
power density such that the Kerr-like nonlinearities dominate over the higher 
order ones [12]. 
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Based on the hypothesis of the Effective Medium Theory (EMT), we have 
developed in the present work a new formulation which takes into account the fact 
that in a real binary composite both components can exhibit nonlinear behaviour 
as the external intensity of the electric field increases, thus changing the optical 
response of the composite as the applied power density grows. According to the 
present results, the effective third-order nonlinear optical susceptibility (x(~)) of 
the composite exhibits a clear transition from values close to the intrinsic third- 
order nonlinear susceptibility of the inclusion particles xr) (low power density) to 
those of the intrinsic third-order nonlinear susceptibility of the matrix particles 
xy) (high power density). 

The  present analysis is also useful for determining the range of conditions 
under which a binary composite with both components being nonlinear can exhibit 
bistable behaviour of interest for the design of high technology optical devices such 
as optical transistors, high-speed optical information devices and optical switching 
devices in waveguides [9 ] .  We show that both the shape and the concentration of 
the embedded particles control the appearance of bistability. 

In addition, we discuss the applicability of this model to experimental 
measurements. In this sense, it must be pointed out that the effective medium 
hypothesis may be used in composites with specific geometries, i.e. perfectly 
dispersed composites without fluctuations of concentration or particle clusters. 
Although the present model cannot be applied to systems that exhibit a highly 
non-homogeneous distribution of particles (for instance fractal clusters), a simple 
correction to the effective medium model presented here has been introduced in 
order to give a rough estimation of the effective optical properties. 

2. Theory 
For the sake of simplicity we consider that a heterogeneous material is 

composed of a binary mixture of particles, labelled as ‘p’ and ‘m’, with dimensions 
much smaller than the wavelength. We will only treat the case that both 
components, p and m, only exhibit a Kerr-type nonlinear optical behaviour so that 
we can write: 

where the magnitudes €0, E ~ O  and $), x g ) ,  are the dielectric constant of free 
space, the complex relative dielectric constant of the inclusion and the matrix 
particles at low field intensity and their complex third-order nonlinear sus- 
ceptibilities, respectively. All these magnitudes are scalars since both components p 
and m are assumed to be isotropic. Moreover, lEpl and lEml are the moduli of the 
electric fields inside the particles p and m. In the case that both components are 
nonlinear, it is customary to define the dielectric constants as follows, 
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Equations (3) and (4) only account for the first and second terms of the power 
series of the dielectric constants E~ and E,,, as a function of the microscopic electric 
field. Therefore, expressions (3) and (4) above only consider the so-called Kerr- 
like nonlinearity which is valid when, in a pure Kerr-like material, xf) & I 2  and 
xg) IEmI2 are, respectively, equal or less than and E,O. However, for materials in 
which higher nonlinearities can exist, this approach is valid provided that, in 
the range of the applied field EO used, the orders equal or higher than the fifth 
remain small. These restrictions, which only apply for microscopic fields, hold 
a reasonably wide range of applied power densities. Although the Kerr-like 
approximation is valid for moderate microscopic fields, it will induce large 
macroscopic (effective) nonlinear optical properties in the composite material. We 
have estimated that for the power density range covered in our calculations, the 
cubic nonlinearity is enough since we found 

For simplicity, we consider that all the particles of each component of the 
composite have the same shape (ellipsoidal, spherical) and are isotropic so that 
their principal axes coincide with the morphological ones. Moreover, we assume 
that all the particles, both p and m, have one of their morphological axes (the z 
axis) perpendicular to the normal of the composite surface. We also consider a 
s-polarized incident light beam so that the applied electric field EO is constant and 
parallel to the composite surface. Although, it has been recently reported that 
preferential orientation of elongated isotropic ellipsoids could induce a slight 
anisotropy in the composite (with its optical axis parallel to the normal of the 
surface) [13], it should be noted that the s-component of the polarization will 
propagate in the medium through the ordinary ray and it will not be affected by 
any possible anisotropy [14]. 

In order to calculate the effective dielectric constant we must first determine 
the internal fields (Ep,m)  and ( D p , m )  according to the expressions: 

2 xr) Iq12. 

or 

where Ep,,, are the dielectric constant tensors and the subscript EO stands for 
the component of the vector in the direction of the external applied field Eo. In 
addition, (Em.p)Eo represents the spatial average of the component of the electric 
fields parallel to the external field. 

If we assume that the external electric fields Erm in the neighbourhood of 
particles p and m are constant and homogeneous then it is possible to relate EFm 
with the electric fields inside the particles Ep,m through a general expression 
written in the frame of the particle morphological axes and given by [15,16], 
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where E & ~  is the kth diagonal component of the dielectric constant tensor outside 
of p and/or m particles, L k p , m  is the kth diagonal component of the depolarization 
factor tensor, E k p , m  stands for the kth diagonal component of q,m, and E R ; ~ , , ,  is the 
kth diagonal component of the dielectric constant tensor of the material particles 
(inclusion or matrix). 

When we adopt the effective medium hypothesis, we have that (i) the dielectric 
constant tensors &Tp and E& outside of, respectively, p and/or m particles are the 
same and equal to an effective dielectric tensor (E)Y for the whole composite, and 
(ii) the external electric fields qP,,, in the neighbourhood of particles p and m are 
the same and equal to an average electric field ( E e x ) k  which is constant and 
homogeneous in the composite material. Therefore, according to the assumptions 
(i) and (ii) of the effective medium theory, we find that e?, = E& = (E)Y and 
EgP = E&, = (Ex)k. This approximation is valid when the spatial fluctuations of 
the external electric field are small so that the internal electric field of the particles 
can be considered homogeneous. The latter fails when the close neighbourhood of 
each particle is non-homogeneous, that is, the distribution of particle neighbours 
does not have spherical symmetry. 

Since we have assumed that the material particles are isotropic (Ekp,m = E,,,, 

and (E):  = and the external radiation is s-polarized, that is, the external 
applied field EO is parallel (z axis) to the composite surface, we finally have that 
EO = (Eex)k and = ( E ) .  Therefore, expression (7) becomes 

where the z axis corresponds to the morphological axis of the spheroids oriented in 
the direction of the applied field Eo. It should be noted that expression (8) 
determines a double-peaked distribution of fields inside the composite, namely (E,) 
and (Em), withf and (1 -f) being their corresponding weights. In this regard, the 
results by Cheng and Torquato [17] state that, for composites made up of perfectly 
shuffled (non-agglomerated) particles, the spatial distribution of the electric field is 
the sum of two partial field distributions corresponding to, respectively, (E), and 
(E),,,. In addition, they showed that the spatial field fluctuations around these mean 
values are small when the filling factor is far from the percolation threshold [17]. 

Following the above considerations, we can assume two Gaussian field dis- 
tributions corresponding to the local fields inside the particles p and m. These 
distributions are centred around (E), and and their variances are, respectively, 
0; and 0;. According to the properties of the Gaussian function, we have 

and, after some algebra, we can define a new magnitude Yp,m as 

The  above parameter determines how valid the effective medium approxi- 
mation is in a real heterogeneous system. In fact, the latter approach should only 
be used when the values of yp,,,, are close to 1 .  This is true in perfectly dispersed 
composites such as the ones obtained by wet processed methods [18] or by 
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pulsed laser deposition (PLD) techniques [19]. However, in composites with a 
heterogeneous distribution of particles, such as clusters or fractal composites, the 
field distributions are considerably broadened so that yp,m >> 1. Therefore, the 
upper part of the field distribution can be several orders of magnitude higher than 
the mean value [20]. In such regions of high fields, known as ‘hot-spots’, the 
effective medium hypothesis breaks down and a different specific theoretical 
treatment is required [21]. 

In the case of nonlinear particles, the combination of the material equations 
(1)-(2) with equations (3)-(4) leads to the relationship between the internal Ep,,, 
and the external qm electric fields and the microscopic dielectric constants of 
components p and m, 

and when we perform a spatial average considering all particles of type p and m 
together with the E M T  hypothesis, we find that 

where ( E )  is the field-dependent effective dielectric constant. 
If we use (1qml2) = yp,m 1(qm)l2, we can rewrite expression (1 1) as 

where (qm) = Eo. 
Then, we find that the fact of considering a field distribution can be treated, 

to a first approximation, through the parameter yp,,, related with the full width at 
half maximum (FWHM) of the field distribution (see equation (10)). From 
inspection of expression (1 3), we can define an apparent third-order nonlinear 
susceptibility = $)myp,m. For the case where yp,m are field-independent 
we would have that x!Liap would replace the microscopic third-order nonlinear 
susceptibilities $,,. Therefore, the present formulation states that, in fractal 
composites containing ‘hot-spots’, $)miap >> x:,,. Moreover, the effective medium 
approximation corrected by the apparent third-order nonlinear susceptibility could 
be useful in giving at least a rough estimation (in the range of the external applied 
field where the values of yp,m are field independent) of the nonlinear properties of 
this kind of composite. 

In the following we will assume that yp,,, = 1, so that: 

and 

where, for simplicity, we have substituted Lz;p,m by Lp and L m ,  respectively. 
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From equations (14) and (15) it is clear that the nonlinear increments of ep and 
and AEm defined below, are proportional, respectively, to $) Em, that is 

and x:), being real proportionality constants. Therefore, 

and 

The above expressions imply that, as proved below, the phases of the complex 
and AEm are identical to those of $) and x:), respectively. The  magnitudes 

real and imaginary parts of and XEL are hereafter denoted as 

By defining the new variables, 

we have that 

= xWp and AE,  = yWm. 

Therefore, as a consequence of equation (16) ,  we reach 

this latter expression states that tan&, are both the phases of the complex 
magnitudes and xg,,. 

By taking into account expressions (14)-(22), we have the following equations 
for the increments x and y of the real part of the dielectric constant of both 
components p and m: 

and 
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where L, and L, are, respectively, the depolarization factors of particles p and m, 
and ep(x), E,(Y) and xt), $) are the complex effective (considering nonlinear 
effects) dielectric constants associated with the components p and m and their 
complex third-order optical susceptibilities, respectively, and IE  = IE0l2 with EO 
being the applied external electric field. Expressions (23) and (24) are cubic-like 
equations in x and y whose coefficients depend on several parameters and on x and 
y .  In particular, in the low-field approximation, the coefficients become x and y 
independent and, therefore, expressions (23) and (24) transform into true cubic 
equations. After rearranging terms in equations (23) and (24) we reach 

where the coefficients a1 (x, y ) ,  bl (x, y ) ,  c1 (x, y )  and d~ are all real and given by 

Identically, we have a similar set of expressions for the coefficients a2(x,y), 

b2(% Y ) ,  c2(x, Y )  and d2, 

The Bruggeman-Landauer equation [22] which allows one to consider two 
different shapes for the particles of the components p and m is used to relate the 
increments x and y with the effective dielectric constant ( E ) ,  which, simulta- 
neously, is a function of Em and E ~ .  Thus, the effective medium equation to 
evaluate the effective dielectric constant of a binary composite is 

where f is the volume concentration (or filling factor) of the component p. 
The increments x and y of the real part of the dielectric constants are taken as 

independent variables which allow one to calculate first the effective dielectric 
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constant and then the power density needed to achieve the previously fixed values 
for x and y. The effective dielectric constant of a composite formed of two 
nonlinear materials is entirely determined by the values of x and y. If we divide 
equation (23) by equation (24) we obtain 

Based on the above equation, we define the function E(x,  y) as follows, 

The complete set of solutions for x and y of the system of equations (23), (24) 
and (35) must satisfy the following condition: 

E ( x ,  y) = 0. (38) 

The  above equation is numerically solved so that its solutions can be used to 
derive a particular solution for ( E ) .  Once the relationship between x and y is 
known, the effective dielectric constant can be straightforwardly calculated by 
using equation (35). After this, it is feasible to determine the value of the power 
density by introducing the previously obtained values for x, y and (E) in equations 
(23) and (24). Therefore, the calculation of the power density can be easily made 
by rewriting equations (23) and (24) as follows, 

Once we have a set of pair values ( ( E ) ,  I E ) ,  it is easy to calculate by a simple 
interpolation procedure any arbitrary value of (E) corresponding to an applied 
power density. In particular, we can also give a general definition for the effective 
third-order nonlinear optical susceptibility, ( x ( ~ ) ) ,  given by [8-221 

which, in the limit case of low applied field, high dilution (f << 1, where Maxwell- 
Garnett theory [ll] can be applied) and particles of spherical shape, it becomes 
[8-221 

3. Results and discussion 
We represent all the calculated magnitudes as a function of the adimensional 

parameters 1; = I.$;, r = xf’/x:’ and I ( x ( ~ ) )  I* = 1.1 ( x ( ~ ) )  I. When looking at the 
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figures, it should be taken into account that 1; = I E $ ~  if r =  100 or 1 ,  and that 
I; = IEx:)’ if r = 1 or 0.01. Therefore, if we know the values of the applied power 
density, I E ,  and that of the intrinsic third-order nonlinear optical susceptibilities of 
the components (matrix and embedded particles) of the composite material, we 
will have straightforwardly from the plots the values of I ( x ( ~ ) )  I and of the imaginary 
part, k =  Im(K), of the effective index of refraction, K=n+ik with K = ( ( E ) ) ” ~ ,  of 
the composite. The calculations presented reflect variations of the effective optical 
properties with I; at a fixed wavelength. It is assumed that the particles of each 
component have the same shape whereas the shape of the other component can be 
different. 

In order to make a comparison with real experimental systems, we have chosen 
the copper/alumina (Cu : Al2O3) binary system where Cu nanocrystals are the 
embedded particles (component p) in an A1203 matrix (component m) and where 
the two components can exhibit non-negligible nonlinear optical response. The  
linear optical properties of these substances are well known and appear in [23, 241 
and this kind of nanocomposite can be prepared by several procedures [19 ] .  On 
the other hand, the nonlinear optical properties of nanocomposite formed by metal 
or semiconductor nanocrystals embedded in dielectric hosts have been intensively 
studied for the last two decades as these materials might become a very interesting 
alternative for the development of optical switching devices in waveguides [25]. In 
particular, nanocomposites of Cu : A1203 exhibit strong optical nonlinearities (very 
high third-order optical susceptibilities have been recently measured [26]) which 
are expected to be more important the smaller the nanocrystal size [26]. The 
optical parameters of our system at low power density (linear regime) are given as a 
function of the wavelength and they take the following values: E,,,o = 3.25 (real and 
independent of A),  ~ ~ o ( 6 5 0  nm) = -1 3.42 + i l .57.  We have chosen the wavelength 
A = 650 nm corresponding to the minimum of k = Im(niA)) since this is the 
condition that leads to the broadest interval of bistability in the Cu : A1203 
nanocomposite [12]. Two different concentrations have been studied, f = 0.01 and 
f = 0.1 which represent, respectively, the high and the moderate dilution regimes. 
The optical properties of the lowest one may be approximated by the Maxwell- 
Garnett theory [27] but the latter one needs a full E M T  treatment. In addition, we 
have evaluated the dependence of the effective dielectric constant with the particle 
shapes and with the value and phase of the complex third-order optical 
susceptibility of each component. 

In figures 1 and 2 we have plotted the calculations carried out for the imaginary 
part of the effective index of refraction k = Im(6) of the Cu : A1203 nanocomposites 
assuming that both components have a non-negligible nonlinear optical response. 
The parameters used in these calculations are indicated in the caption of figure 1 .  
The first considered cases (figure 1 )  refer to composites with very low metal 
concentration (f = 0.01). Figure l ( a )  shows the values of k corresponding to a 
composite formed by embedded (Cu) and matrix particles of spherical shape and 
assuming xf)” = 0, that is, that the imaginary part of ep decreases as the power 
density 1; increases. In the case that the matrix particles have the largest nonlinear 
behaviour ( r  = xf”/xE)’ = 0.01) large nonlinear effects appear at low power 
densities (I: 2: l o p 2 ) .  As the third-order optical susceptibility of the metallic 
particles increases ( r  = 1 and r = loo), more power is needed to detect any variation 
of the optical properties and the bistable behaviour is only visible when the third- 
order optical susceptibility of the metallic particles is very high. Figure l(b) 
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Figure 1. Imaginary part of the effective index of refraction (k = Im(4) as a function of 
I;  forf = 0.01, K:)" = 0 and A = 650 nm, and for three different values (0.01,l and 100) 
of r = x! ' /x : ' .  (a), (b) and (c) correspond, respectively, to the set of conditions: 
(Lp = L,  = 0.333 3, tan q5p = 0), (Lp = L, = 0.33 33, tan q5p = -0.1) and (Lp = 1 ,  L, = 
0.3333, = O ) .  

represents the imaginary part of the effective index of refraction calculated for the 
same conditions as figure l ( a )  but assuming that x;)" < 0. In this case the only 
noticeable difference is the fact that bistability is not as remarkable as in the former 
case. 

Finally, for cylindrical metallic particles with x;)" = 0 (figure l ( c ) ) ,  the 
absorbance in the linear regime (low values of 1;) is much smaller and the range of 
bistability is very wide even for the case when r = 0.01. 

When the metal concentration increases (f = O. l ) ,  assuming spherical particles, 
the total absorbance at low power is very high (k N 0.7) and bistability practically 
disappears (figures 2(a) and (b)) over the whole range of power density under 
consideration. In addition, more power is needed to detect any significant variation 
in K. Figure 2(b) is very similar to figure 2(a) though the unphysical drop of k is 



Optical properties of binary composite materials 1867 

1 O0 

l o J  
1 

Figure 2. The same as figure 1 but for f = 0.1. 

observed in figure 2(b)  at high power densities. These results are in contrast to 
those obtained for cylindrical particles (see figure 2(c)) where large bistability 
regimes are found at relatively high values of 1;. Consequently, we can conclude 
that in order to have bistability at high ( f =  0.1) metal concentrations, cylindrical 
particles are required. Also, as shown in figure 1, the value of k in the linear regime 
is very low. 

In figures 3 and 4 we have represented the absolute value of the adimensional 
effective third-order nonlinear optical susceptibility I ( x ( ~ ) ) I *  of Cu : A1203 nano- 
composites as a function of the power 1; and assuming that both Cu and A1203 can 
have non-negligible nonlinear optical response. The  parameters we have changed 
during the calculation are in the caption of figure 3. The  first considered cases 
(figure 3) refer to composites with very low Cu concentration ( f = 0.01). Figure 3(a) 
shows the values of I ( x ( ~ ) )  I* corresponding to a composite formed by inclusions and 
matrix particles of spherical shape and assuming xf'" = 0. For the case where 
the matrix particles have the largest nonlinear behaviour ( r  = x g ) ' / x c ) '  = 0.01) 
large nonlinear effects appear at low power densities (1; 2: and as the power 
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Figure 3. Absolute value of the adimensional effective third-order nonlinear optical 
susceptibility, I ( X ( ~ ) ) ~ * ,  as a function of 1; for f = 0.01, xg) = O  and A =  650 nm, and 
for three different values (0.01, 1 and 100) of I = x F ) ' / x z ) .  (a), (b) and (c) correspond, 
respectively, to the set of conditions: (Lp = L, = 0.3333, tan$Jp = 0), (Lp = L, = 
0.3333, tan@p=-O.l) and (Lp=l ,  Lm=0.3333, tan&,==). 

increases a clear transition can be observed in I ( x ( ~ ) ) ~ *  corresponding to the shift 
between I$)(* at low powers and Ixg)I*  at high powers, since the matrix has its 
own nonlinear optical response at high powers. As the third-order optical 
susceptibility of the metallic particles increases ( Y  = 1 and r = loo), more power is 
needed to detect any variation of J ( x ( ~ ) ) ~ *  and its quite visible transition when 
r = 0.01 is now considerably reduced and the bistable behaviour dissapears. 

calculated for the same conditions of figure 3(a) 
but assuming that $1'' < 0. In this case the only noticeable difference is the fact 
that bistability is more remarkable than in the former case and that at certain 
power density Im(Q < 0 so that the curves of ( ( ~ ( ~ ) ) 1 *  cannot be further plotted 
since their values are unphysical. 

Figure 3(b) represents 
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Figure 4. The same as figure 3 but for f = 0.1. 

Finally, for cylindrical metallic particles with x$' = 0 and xrY = 0 (figure 3(c)),  
the values of I ( x ( ~ ) ) ~ *  are constant except for the case of r=0.01 where a small 
bistability range is observed. Moreover, the most noticeable feature in figure 3(c) is 
the dissapearance of the transitions of I(x(~))~* present in figures 3(a) and 3(b). 

When the metal concentration increases (f = O. l ) ,  assuming a spherical shape 
for the matrix and inclusion particles, we see in figures 4(a )  and 4(b) that bistability 
dissapears. These results are in contrast to those of figure 4(c) where bistability 
remains for any value of r, being specially wider when r = 0.01. 

4. Summary and conclusions 
In summary, the development of a new effective medium theory for composites 

with two nonlinear components has allowed us to predict the range of conditions 
under which a binary composite with its two components being nonlinear can 
exhibit bistable behaviour. We have shown that both the shape and the concentra- 
tion of the embedded particles control the appearance of bistability. In particular, 
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the present approach establishes that the bistability region for Cu : A1203 
nanocomposites is more visible for the cases having cylindrical (Lp + 1) metal 
particles and/or in the high dilution limit ( f  + 0). Therefore, the present 
contribution can be useful for predicting the optimum range of experimental 
conditions for observing bistable behaviour in binary composite materials with two 
nonlinear components as well as to achieve a better understanding of the physics 
underlying the bistable optical response of binary composites. The  present 
formulation can be extended to the case of having a multicomponent composite 
with more than two nonlinear components, although in this case the solutions of the 
model equations become more complicated. In  addition, our approach can also be 
employed for evaluating the behaviour of other effective optical magnitudes, such 
as the reflectance and absorbance, of composites with one, two or more nonlinear 
components in a range of parameters where conventional E M T  approaches fail due 
to the importance of the nonlinear effects. 
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